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Ballistic deposition model has been employed to simulate the morphological evolution of thin-film growth
under non-normal incident flux that occurs frequently in realistic physical vapor deposition. We show that the
growth front clearly deviates from the Kardar, Parisi, and Zhang universality class and the growth front
exhibits a characteristic length scale that gives rise to a wavelength selection. The implication is that under
realistic physical vapor deposition conditions, the growth front morphology is expected not to obey the
well-established dynamic scaling hypothesis.
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Ballistic deposition model has been used extensively in
the literature to describe the evolution of a growing
surface,1,2 an important area in the development of nonequi-
librium statistical mechanics. The model was originally de-
veloped by Vold to simulate the sedimentation process.3 In
its simplest form the model involves the deposition of par-
ticles randomly along the vertical trajectories onto a two-
dimensional �2D� flat surface. Particles become part of the
depositing aggregates at their positions of first contacts. The
deposition creates a porous film with overhangs throughout
the structure. A fascinating subject has been the study of the
dynamic scaling and universality behavior of the morpho-
logical evolution of the film by ignoring the
overhangs.1,2,4–10 That is, a birds-eye view of the surface
morphology that ignores the porosity inside the bulk of the
film. The vertical direction of this landscape does not scale
the same way as the lateral direction. It is therefore not a
self-similar surface but rather a self-affine surface.11

An important feature of the dynamic scaling12,13 of a self-
affine surface is that the height-height correlation function,
which is defined as, H�r , t�= ��h�r , t�−h�0 , t��2� has the form
r2� for r��, and reaches a constant value of 2�2 for r��.
Here h is the deviation of the height from the mean at the
growth front specified by the position r, and time t, and �
and � are the interface width or root mean square roughness
and lateral correlation length, respectively. � is the rough-
ness exponent �value between 1 and 0� which describes the
local roughness with a larger value for a smoother surface.
Both � and � grow as a power law in time, �� t� and �
� t1/z, where the exponents scale as z=� /�. The lateral cor-
relation length � defines a length scale beyond which the
surface height fluctuations are not correlated. This means
that there is no long-range characteristic length scale in-
volved, the surface height fluctuation is random beyond the
correlation length.

Because of the ability of sideways growth in the normal
incidence ballistic deposition model, it is believed that the
surface morphological evolution �by ignoring the interior
structure such as voids and overhangs� belongs to the Kardar,
Parisi, and Zhang �KPZ� universality class.4–10 This is origi-
nally described by a nonlinear continuum equation of the
form14

�h

�t
= v�2h +

�

2
��h�2 + 	�r,t� , �1.1�

where 	�r , t� is a Gaussian noise with zero means:
�	�r , t�	�r� , t���=2D
�r , t�
�r� , t��. D is the strength of the
noise. In this universality class, ��0.24 and ��0.38 and
has been a subject of extensive theoretical investigation in
the past.

Although this elegant model has attracted much scientific
interest, realistic applications of this model in practical thin
film deposition have been very rare.1,2 One of the main dif-
ferences between the model and practical thin film deposi-
tion is the directionality of the incident flux. In many com-
mon deposition techniques such as sputter deposition15 and
chemical vapor deposition,16 and more recently the oblique
angle deposition,17–20 the incident flux direction is never re-
stricted only to the vertical direction. Instead, the flux arrives
at the surface either with a distribution of angle with respect
to the surface normal, or at a particular oblique angle. An
important question can be raised: would a distribution of
incident flux fundamentally alter the scaling and universality
behavior of the morphological evolution? In this paper, we
study the effect of two particular flux distributions, namely, a
cosine distribution flux �realized in sputter deposition or
chemical vapor deposition� and a fixed incident flux at a
large angle with respect to the surface normal �realized in
oblique angle deposition�, on the scaling properties of the
morphological evolution of the surface. We found that the
non-normal incidence flux produces a dramatic change in the
dynamics of growth front. In particular, we found that a char-
acteristic length scale is generated in the surface morphology
that would lead to a breakdown in dynamic scaling.

Our ballistic deposition is based on on-site lattice simula-
tion where particles shower down onto a two-dimensional
surface that is initially flat. The particles will stick upon first
nearest-neighbor contact. The dimension of the simulation is
4096�4096 lattice units with periodic boundary conditions.
For a measure of deposition time, we use the number of
deposited particles per unit area �n/A�. This is just the total
number of particles deposited onto the film divided by the
total area of the substrate. To establish a baseline of our
simulation, we first performed a conventional ballistic depo-
sition where the incidence flux is dropped down normal to
the surface, shown as the inset in Fig. 1�b�. In Figs. 1�a� and
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1�b� we show the morphology of the surface at time 95 n/A.
To study the characteristics of the surface, it is convenient to
measure the power spectral density �PSD� function of the
surface at different time during the simulation. These are
shown in Fig. 1�c�. The PSD, P�k�, of a self-affine surface
can be described as P�k�=�2�2g�k��,21 where k is the wave
vector along the surface and g�x�=1, for x�1 and g�x�
=x−2�−2, for x1. Upon rescaling, the PSD profiles collapse
into one universal curve as shown in Fig. 1�d�. The � and z
used in the scaling, 0.24 and 1.58, respectively, are those
given in literature for the KPZ universality class. The � ex-
tracted from the tail part of the scaled profile gives �
�0.36�0.03, a value close to the 0.38 reported in the litera-
ture in the KPZ universality class.1,2 The degree to which the
curves successfully collapse supports that normal incidence
ballistic deposition falls into this universality class as
claimed in the literatures.4–10

With the baseline established, we now simulate the mor-
phological evolution of a cosine incident flux, as shown as
the inset in Fig. 2�b�. This distribution is defined such that
the probability of the particle launching from the source is
proportional to cos �, where � is the incident flux angle as
measured with respect to the surface normal. In a discrete
model, the cosine distribution can be obtained by assigning
each particle a velocity vector �specified in spherical coordi-
nates, �, �� based on the formulas, �=arcsin�x1/2�, and �
=2�x, where � is the oblique angle, � is the azimuthal angle,
and x is a uniform random number from 0 to 1.22

In non-normal incident ballistic deposition, the incident

flux of material that strikes the surface with an oblique angle
is preferentially deposited onto the top of surface features
with larger height values. The areas behind these features get
shadowed and voids are formed. In Figs. 2�a� and 2�b� we
show the morphology of the resulting surface after a deposi-
tion time of 95 n/A. The PSD profiles for various times are
shown in Fig. 2�c�. A characteristic wave vector, km, appears
as a bump in each of the profiles, which indicates that wave-
length selection occurs during the deposition. To check for
dynamic scaling, we want to rescale the profiles in such a
way that the peaks of the curves coincide. This is a two-step
process involving first vertically normalizing the curves and
then horizontally scaling them using a scaling factor. In Fig.
3�a� we show the time evolution of 1 /km on a log-log scale.
The slope of the linear fit to these 1 /km values is
�0.67�0.04, and is taken as the scaling factor exponent. In
Fig. 2�d�, we show the normalized and scaled curves. It is
seen that while the curves do collapse significantly, they re-
main distinct and do not form a single universal curve. Self-
affine scaling is not achieved. In addition, the � extracted
from the tails of the curves is not constant, and increases
over time, as seen in Fig. 3�b�. Increasing of � implies a
decrease in local surface roughness over time. Increasing of
� was also observed by a 2D oblique angle ballistic deposi-
tion simulation.23

Wavelength selection also occurs in a solid on a solid
�SOS� model when a cosine incident flux is assumed.24 In a
SOS model, particles launched onto the sidewalls do not

FIG. 1. Results from normal incident flux simulations. �a� Top
view of the surface at a deposition time of 95 n/A. The images
cover a reduced area of 512�512 lattice units. �b� Cross-section
view of the film at the same time and scale. The inset shows a
schematic of the flux distribution. �c� PSD function curves of the
surface over the course of the simulation. �d� PSD data from �c�
after scaling. The scaling exponents used are �=0.24 and z=1.58,
giving a vertical scaling factor of t−2��+1/z�= t−1.75, and a horizontal
scaling factor of t1/z= t0.633. The value �=0.36�0.03 is measured
from the tail of the resulting collapsed plot using the equation �=
−�slope+2� /2.

FIG. 2. Results from cosine incident flux simulations. �a� Top
view of the surface at time 95 n/A. The images cover a reduced area
of 512�512 lattice units. �b� Cross-section view of the film at the
same time and scale. The inset shows a schematic of the flux dis-
tribution �cos���, where � is the flux angle with respect to the
surface normal. �c� PSD function curves of the surface over the
course of the simulation. Vertical arrows indicate the PSD peaks.
�d� PSD data from �c� after scaling. First the curves were normal-
ized as P�k , t� / P�km , t�. Then the curves were scaled horizontally
using a scaling factor of tp with p=0.67. The dotted lines show
linear extensions of the tails of the final curves.
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stick but slide down to the bottom. Sidewall growth is there-
fore not included. No overhangs are formed and no pores are
generated in the film. Our present results demonstrate that by
allowing the sidewall growth in the ballistic deposition, it
does not eliminate the wavelength selection. �However, the
value of the growth exponent � is estimated to be �0.6 for
the ballistic deposition with cosine incident flux. This value
is quite different from that obtained by the solid-on-solid
model which is �1.24 This is due to the fact that the ballistic
deposition model allows sidewall growth and tends to
smooth the surface.� Wavelength selection is purely gener-
ated by the shadowing effect23,25–27 due to a non-normal in-
cident flux. Wavelength selection has been observed fre-
quently in sputter deposition28 and chemical vapor
deposition of films.29

Recently there has been intense interest in another depo-
sition technique called oblique angle deposition.17–20 In this
deposition technique the incident flux makes an angle � with
respect to the surface normal. For ��80°, it is called “glanc-
ing angle deposition.”18 This distribution can be seen as the
inset in Fig. 4�b�. Because of the extreme shadowing, iso-
lated nanostructures can be formed. Here we simulate the
morphological evolution of a particular incident angle,
namely, �=87° from all azimuthal directions with respect to
the surface normal. �The results obtained from this flux dis-

tribution are similar to that obtained in the glancing angle
deposition with a fixed incident flux angle while rotating the
substrate.� The results of the simulations are shown in Fig. 4.
It is seen that the structures are more isolated with the exis-
tence of large gaps and voids in between columns consistent
with experimental observations.17–20 A clear km also appears
in the PSD profiles. In Fig. 3�a� we show the time evolution
of 1 /km �filled triangles� on a log-log scale. The slope of the
linear fit to these 1 /km values is p�0.48�0.04, consistent
with recent experimental findings.19,20 Again the � extracted
from the tails of the scaled curves is not constant, decreasing
over time, as seen in Fig. 3�b�. This contrasts the increasing
� value for the cosine flux distribution case. Decreasing of �
implies an increase in local surface roughness over time.

It is also of interest to examine more closely how the
wavelengths, �, of these surfaces evolve over time. Since �
�1 /km, we can see from Fig. 3�a� again that the wavelength
exhibits a linear behavior, indicating that the growth can be
put in the form �� tp, where the exponent p for these two
cases is equal to the respective slopes. It has been argued,28

based on a needle model, that the value of p should be 1
2 . In

our case of �=87o flux, p�0.48�0.04, which is close to the
value 1

2 , but the case of the cosine flux gives p
�0.67�0.04, which is significantly different from the ex-
pected value. However, the needle model does not include
the possibility of lateral correlation while ours does. This
may turn out to be a key difference between the needle
model and ballistic cosine distribution flux model, especially
for the cosine distribution flux case. It should be noted that it
is unclear at this point if there should even be a universal
value for p, though simulations using solid-on-solid rules

FIG. 3. Time evolution of non-normal incident flux simulation
features. �a� Characteristic wavelength, 1 /km, evolution is plotted
on a logarithmic scale for both non-normal cases, cosine incident
flux �filled squares� and oblique flux �filled triangles�. The slopes of
the linear fits are used as the scaling exponent in Figs. 2 and 4, and
are found to be 0.67�0.04 and 0.48�0.04, respectively. �b� The
values of � measured from the tails of the distinct curves in Figs.
2�d� and 4�d�. Nonconstant values indicate the breakdown of dy-
namic scaling in both cases.

FIG. 4. Results from �=87o incident flux simulations. �a� Top
view of the surface at time 6 n/A. �b� Cross section view of the film
at the same time and scale. The inset shows a schematic of the flux
distribution, �=87o. �c� PSD function curves of the surface over the
course of the simulation. Vertical arrows indicate the PSD peaks.
�d� PSD data from �c� after scaling. The scaling process was the
same as in Fig. 2 but with p=0.48. The dotted lines show linear
extensions of the tails of the final curves.
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have also shown agreement with a universal p=0.5.24

Whether ballistic deposition with a cosine distribution may
belong to a different universality class, or that p may not
have universality behavior at all is something that will need
to be determined through further modeling and experimenta-
tion.

Finally, we briefly mention about the breakdown of scal-
ing in the cosine distribution case and how it relates to the
growth of the surface wavelength and correlation length. We
have calculated the exponent associated with the lateral cor-
relation length from the height-height correlation function
and found that it is 0.65�0.03 which is slightly different
compared to the exponent associated with the wavelength. If
they are exactly the same the PSD should scale and the value
of � should not change as a function of time. Note that the
difference between the exponents associated to the wave-
length and lateral correlation length in the solid on solid
model is more obvious.24 This is probably because in the
case of solid on solid model the fluctuations in height are
much more severe and difference between the two length
scales is more dramatic. For our case of ballistic deposition,

the overhang structure tends to smooth the surface and the
difference between the two length scales becomes more
subtle. The breakdown of the scaling behavior is more easily
visualized using PSD analysis.

In conclusion, we have given further evidence supporting
the assertion that a ballistic deposition model with normal
incident flux belongs to the KPZ universality class. We have
also shown that the same model with a non-normal incident
flux ceases to belong to that class. In fact, the surface is no
longer self-affine and does not follow the usual dynamic
scaling hypothesis. This continues to be the case for the ob-
lique angle flux. Finally while we have shown that the char-
acteristic wavelength created by both cosine and oblique
angle fluxes do indeed scale with time according to �� tp,
we cannot make any conclusion regarding the universality
value of p.
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